Abstract: We consider 'orbifold' and 'orientifold' field theories from the dual closed string theory side. We argue that a necessary condition for planar equivalence to hold is the absence of a closed string tachyonic mode in the dual non-supersymmetric string. We analyze several gauge theories on R 3 × S 1 . In the specific case of U(N) theories with symmetric/anti-symmetric fermions ('orientifold field theories') the relevant closed string theory is tachyon-free at large compactification radius (due to winding modes), but it develops a tachyonic mode below a critical radius. Our finding is with agreement with field theory expectations of a phase transition from a C-parity violating phase to a C-parity preserving phase as the compactification radius increases. In the case of U(N) × U(N) theories with bi-fundamental matter ('orbifold field theories') a tachyon is always present in the string spectrum, at any compactification radius. We conclude that on R 4 planar equivalence holds for 'orientfiold field theories', but fails for 'orbifold field theories' daughters of N = 4 SYM and suggest the same for daughters of N = 1 SYM. We also discuss examples of SO/Sp gauge theories with symmetric/anti-symmetric fermions. In this case planar equivalence holds at any compactification radius -in agreement with the absence of tachyons in the string dual.
Introduction
Planar equivalence between supersymmetric and non-supersymmetric gauge theories [1, 2] proved itself as a useful tool in the study of non-perturbative QCD (see [3, 4] for reviews). Besides its important application for QCD, it is an interesting statement in field-theory per-se: a susy/non-susy pair of gauge field theories becomes equivalent in the limit of infinite number of colors.
The first example of a susy/non-susy pair of planar equivalent gauge theories was suggested by Kachru and Silverstein [5] . They claimed that field theories dual to type IIB string theory on AdS 5 × S 5 /Γ are conformal and 'equivalent' to (namely have some common sector with) N = 4 super Yang-Mills. This equivalence does not hold (evidence for that can be found in perturbation theory [6] [7] [8] ), although the idea is very inspiring [9] . From the string theory side, the reason for the failure of the equivalence is the presence of twisted sector closed string tachyons in the spectrum: the perturbative string vacuum is not the true vacuum of the theory and thus the theory cannot be equivalent to the supersymmetric N = 4 gauge theory. The equivalence suggested by Kachru and Silverstein could have been true, if the spectrum of the orbifolded theory did not contain tachyons. However, it was shown [7] that on an orbifold of the form R 4 × (C 3 /Z k ), a twisted sector tachyon is always generated when the orbifold breaks supersymmetry. It is possible to project out the closed string tachyon by special orientifolds. Inspired by [10, 11] , a tachyon free model and planar equivalence between N = 4 and a non-supersymmetric 'orientifold' gauge theory was first suggested in [12] .
In this paper we argue that a necessary condition for planar equivalence to hold is the absence of tachyons in the dual string side. This condition is also sufficient if the supersymmetric and the non-supersymmetric model admit the same gravity solution.
To this end we will analyze several gauge theories on R 3 × S 1 and we will argue that our conditions, formulated in the string side, are equivalent to the necessary and sufficient conditions that were formulated in pure field theory language [13, 14] . Moreover, besides being formal, our analysis will suggest when exactly the equivalence should hold. We will conclude that an orientifold that removes the closed string tachyon from the spectrum is needed. Thus non-supersymmetric theories that live on an orbifold singularity (without any orientifold) cannot be planar equivalent to a supersymmetric theory. In order to project out the tachyon from the spectrum an orientifold is needed. In some cases, namely when the theory is formulated on R 3 × S 1 , with a small radius, even when an orientifold plane is present the equivalence fails -in agreement with the field theory analysis [15, 16] . The reason is that on R 3 × S 1 a tachyonic mode may re-appear below a certain compactification
radius. We will also analyze non-supersymmetric SO/Sp gauge theories on R 3 × S 1 . In those cases the string background is supersymmetric and thus free of tachyons. We will see that in this case planar equivalence holds at any compactification radius -in agreement with the field theory prediction.
The idea of this paper is not entirely new. A relation between closed string tachyons and noncommutative field theory tachyons for orbifold field theories was suggested in [7] . In this context the field theory instability is mapped to a string theory instability. A similar relation was obtained recently in [8] . It is also clear and well known that when the dual string contains a tachyon planar equivalence cannot hold, even for the untwisted sector correlation functions. We suggest here that the absence of tachyons is also a sufficient condition in certain well defined setups and, moreover, it is equivalent to the known field theory conditions. Some of the examples which we discuss in this manuscript are also new.
The organization of the paper is as follows: in section 2 we discuss the conditions for planar equivalence. In section 3,4 and 5 we discuss some examples of planar pairs. Section 6 is devoted to a discussion. In the appendix we show how to the obtain the vacuum structure of the orientifold field theory from open strings.
Necessary and Sufficient Conditions for Planar Equivalence
A general theorem for necessary and sufficient conditions of planar equivalence between a supersymmetric and a non-supersymmetric gauge theories was formulated in [13, 14] . Consider a certain 'parent' theory and a projection by a symmetry operation Γ ('the orbifold group') that yields a certain 'daughter' theory. The 'daughter' theory is planar equivalent to the 'parent', if the global symmetry Γ that was used in the projection is not spontaneously broken.
Let us suggest a necessary and sufficient condition for planar equivalence in terms of the dual string theory. Since the equivalence is between large-N theories, it translates to an equality of free (namely g st = 0) string theories. We are thus after the equivalence of the common string spectra and the vacuum state of the two theories. The equivalence of the strings spectra is guaranteed by construction. The only dynamical issue is the equivalence of the vacuum state. The only way to invalidate the equivalence is if the perturbative vacuum is not the true vacuum of the theory. This can happen if the non-supersymmetric theory contains tachyons.
Let us see how the field theory conditions, formulated in [14] are mapped to the string side.
Consider a global symmetry which is spontaneously broken. It means that a certain order parameter O obtains an expectation value
Consider the case when the operator O couples to a tachyon. Planar equivalence cannot hold since the true vacuum of the theory is not the perturbative vacuum. Thus, it is necessary that there is no tachyon in the spectrum. We can also assert that a tachyon will induce a SSB of O in the gauge theory side.
In order to demonstrate our idea, let us consider a well known example: the failure [8] of the equivalence between U(N) N = 4 Super Yang-Mills and the field theory that lives on D3 branes of type 0 string theory. The latter is a U(N) × U(N) gauge theory with six scalars in the adjoint of each of the gauge factors and four Dirac bi-fundamental fermions [17] . It can be thought of as a Z 2 orbifold projection of N = 4 SYM. This Z 2 global symmetry, that acts as the interchanges of the two gauge factors is spontaneously broken in the vacuum. The order parameter is [18] 
The above operator O couples to the type 0 tachyon. Under the Z 2 operation T → −T . We argue that in this case the phenomenon of SSB in the field theory side is identified with a SSB in the string side, as the tachyon field develops a vev. This statement can be considered as part of the AdS/CFT correspondence dictionary, since field theory operators are identified at large-N with classical fields of the dual string. The full potential of the tachyon field should contain a minimum [19] and it should look, qualitatively, as a Higgs potential:
The symmetric vacuum T = 0 is not the true vacuum of the theory. In the true vacuum
and the Z 2 symmetry T → −T is spontaneously broken.
The general picture is as follows: the operator O is charged under the 'orbifold' action Γ (otherwise it could not be an order parameter). There exists a classical field T in the dual string which couples to O and hence this field is also charged under the 'orbifold' Γ (this is why it belongs to the twisted sector of the string)
where
When O = 0 it implies that T = 0, namely that T is a tachyon and vice versa: the existence of a tachyon in the dual string implies SSB in the field theory side. Note that O need not be necessarily a local operator. For our argument, it is sufficient that a bulk field couples to it.
There is another subtle issue that needed to be discussed. It is well known that certain phase transitions are characterized not by the appearance of a tachyon, but by a sudden change in the dual geometry. An example is the confinement/deconfinement phase transition which is described in the bulk by a transition from the thermal AdS solution to a black-hole solution. It is possible that planar equivalence will fail due to a transition in the geometrical description of the non-supersymmetric theory ? The answer is positive 1 . Although the gravity equations of both the supersymmetric and the non-supersymmetric theory are identical and one naively expects the same solution for both theories it is possible that the two theories will admit different solutions in cases where the orbifold projection removes the closed string fermions from the spectrum. The reason is that the presence of fermions obstructs certain solutions and thus their presence in non-supersymmetric theories allows more solutions. We will discuss such an example in section 3. In those cases the absence of tachyons in the spectrum is only necessary, in all other cases it is also sufficient.
In the following sections we will analyze several cases and we will see that our criteria for planar equivalence hold in all examples. Moreover, it will turn out to be a useful tool in deciding which non-supersymmetric gauge theory is a good candidate to be equivalent to a supersymmetric theory, since it is easier to analyze the spectrum of a classical string theory than a strongly coupled gauge theory.
Orientifold Field Theories
Consider type 0B string theory. Let us add N coincident D3-branes and the Sagnotti O'3 plane. The theory on the branes is the 'orientifold' daughter of U(N) N = 4 super Yang-Mills. It contains six real scalar in the adjoint representation and four Dirac fermions in the antisymmetric representation. Now let us consider the space R 3 × S 1 × C 3 . The worldvolume of the branes is R 3 × S 1 . If the space was R 4 the closed string tachyon of the type 0B string would decouple from the branes, due to the orientifold. However, when the theory is compactified on a circle, the closed string tachyon with a non-zero winding number w couples to the brane and its mass becomes
And therefore, when R 2 < α ′ 2π 2 the theory becomes tachyonic, due to the mode with w = 1 and the perturbative string vacuum becomes unstable. Since N = 4 SYM and its non-supersymmetric daughter are conformal the above analysis has no interesting implications for the dual gauge theory. It implies that at zero compactification radius planar equivalence does not hold. It is possible that planar equivalence does not hold at any radius R < ∞, if a new gravity solution emerges for the type 0 string. Such a scenario was suggested in [20] .
A similar analysis can be carried out when a stack of N (fractional) D3 branes and an O'3 plane are placed on a C 3 /(Z 2 × Z 2 ) orbifold singularity. The gauge theory on the stack is a U(N) gauge theory with a fermion in the antisymmetric representation [21] . We can use the above results and express them in field theory quantities (namely replace The above results are in full agreement with the expectation from the field theory side. Below a certain critical radius planar equivalence for 'orientifold field theories' does not hold [15] due to SSB of charge conjugation symmetry [16] (see appendix for a stringy derivation of this result). There is an accumulating evidence, both from lattice simulations [22, 23] and from analytic considerations [20, 24] that C-parity is restored and planar equivalence holds when the compactification radius is sufficiently large.
We suggest that the tachyon vev serves as an order parameter for C-parity breaking in the dual string. Below R c , T = 0 but above R c , the mass of T becomes positive and T = 0.
In the gauge theory the order parameter for C-parity breaking is the Polyakov loop [16] . Since the winding tachyon has the same quantum numbers as the Polyakov loop, it will couple to its worldsheet and thus the general discussion (2.4) applies to this case as well, although the order parameter for C breaking is non-local. Another way of seeing that the winding tachyon is the correct object to consider is to note that in QCD the correlation function of two well-separated Wilson loops (|x| → ∞) is given by the absolute value of a single Wilson loop and a correction due to an exchange of the lowest glueball in the spectrum
A similar relation P † (0)P (x) = | P | 2 + C exp −σ|x| holds for the Polyakov loop, except that the glueball is replaced by the QCD string. When the Polyakov loop expectation value is zero (the C-parity conserving phase), the correlation function of two well separated Polyakov (or Wilson) loops is controlled by the lowest excitation of the QCD string, whose mass is related (proportional) to the lowest excitation in the tower (see also figure (1).) .
The correlation functions of two well separated Wilson loops is given by the disconnected piece plus a contribution due to an exchange of the lowest glueball in the spectrum.
In the string description this excitation is the winding tachyon. As we decrease the compactification radius the mass of the 'tachyon' decreases and eventually it becomes zero at R = R c . Below the critical radius we obtain a tachyonic mass and the result will be a flow to a new vacuum where C-parity is broken. Thus our scenario advocates C-parity breaking as a second order phase transition. It predicts a massless 'glueball' and a vanishing string tension at the transition. It will be fascinating if a lattice simulation will confirm this scenario 2 .
Orbifold Field Theories
Consider type 0B on R 3 × S 1 × C 3 with D3 branes on R 3 × S 1 . As we discussed in section 2, the theory on the brane is the 'orbifold field theory': a U(N) × U(N) gauge theory with six scalars in the adjoint of each gauge factor and four Dirac bi-fundamental fermions. The bulk contains a closed string tachyon. It couples to the brane at any compactification radius and hence the prediction is that planar equivalence between this theory and N = 4 super Yang-Mills does not hold. This is indeed the case [8] .
We can consider the orbifold daughter of N = 1 super Yang-Mills theory as well. It is a U(N) × U(N) gauge theory with one Dirac fermion in the bi-fundamental representation. The realization of this theory is very similar to the previous theory: it 'lives' on the D3 branes of type 0B string theory, placed on C 3 /(Z 2 × Z 2 ) orbifold singularity. In this case as well there is a closed string tachyon in the bulk, at any compactification radius, and thus the prediction is that planar equivalence between this theory and N = 1 super Yang-Mills does not hold. For small compactification radius this is indeed the case [25] . On R 4 it is more difficult to confirm the failure of planar equivalence, but there are several hints. The domain walls of the daughter theory are non-BPS objects [19] although the domain walls of N = 1 are
3 . Another hint comes from the noncommutative version of the theory: for any value of the noncommutativity parameter θ the perturbative vacuum of the theory becomes unstable and in fact the instability in the gauge theory can be related to the bulk tachyons [28] . If we could connect the noncommutative theory to the commutative theory, namely to take the limit θ → 0, it would be sufficient to disprove planar equivalence. Unfortunately, it is known that the limit θ → 0 is singular and therefore it is not clear whether the noncommutativity deformation can teach us about the commutative theory.
4
To conclude this section: we argue that 'orbifold gauge theories' cannot be planar equivalent to supersymmetric theories, since their string theory description involves a closed string tachyon. Unfortunately, in the case of N = 1 SYM and its orbifold daughter we cannot make a firm prediction: we use a flat space analysis and ignore possible effects due to R-R flux. we cannot exclude a scenario where the string dual of our gauge theory contains a R-R flux whose coupling to the tachyon will shift its mass towards a positive value [29] .
SO(N ) and Sp(N/2) theories
There is another class of interesting non-supersymmetric gauge theories that becomes planar equivalent to supersymmetric theories.
Consider D3 branes in type IIB string theory. Let us place an O3 plane on top of the D3 branes. The theories on the branes are supersymmetric N = 4 SO/Sp gauge theories. Both theories are dual to type IIB string theory on AdS 5 × RP 5 [30] .
3 A different point of view was advocated in [26] . 4 There are also contrary hints: recently [27] this gauge theory was analyzed on S 3 × S 1 (with a small S 3 radius) and a transition from a Z 2 broken phase to a Z 2 preserving phase was found and thus it was suggested that planar equivalence may hold on R 4 . Note however that the analysis was carried out for the free theory whereas on R 4 a Z 2 restoration should be a non-perturbative effect. Therefore, it is not clear whether we can draw a lesson about the theory on R 4 from this calculation.
Both contain the same spectrum of unoriented closed strings at large-N [30] and moreover are also related to the N = 4 SU(N) theory by a Z 2 truncation.
There is, however, another interesting option. We can place anti D3-branes instead of D3-branes. The gauge theories on the branes are either a non-supersymmetric SO(N) theory with symmetric fermions, or a Sp(N/2) theory with antisymmetric fermions. These models were constructed first by Sugimoto [31] . Since the orientifold is a 1/N effect, it was suggested that at infinite N the non-supersymmetric theory become actually supersymmetric [32] . This is a simple version of planar equivalence. In terms of representation theory the statement is that the symmetric and the antisymmetric representations become indistinguishable at infinite N. Indeed, all the Casimirs of these representations coincide at infinite N.
This form of planar equivalence is quite weak and does not involve any nonperturbative dynamics. It is a simple statement about representations and therefore it holds at any compactification radius. This is in perfect agreement with our criterion of the absence of tachyons in the bulk theory. Since the bulk is type IIB, namely a supersymmetric string, there are no closed string tachyons. So, we could predict the validity of planar equivalence from the bulk dynamics. Unfortunately, in this case it is a trivial prediction.
Summary
In this paper we formulated necessary and sufficient conditions for planar equivalence between a large-N supersymmetric and non-supersymmetric theories. Our criteria are the absence of closed string tachyons in the dual non-supersymmetric string spectrum and the requirement that the supersymmetric and the non-supersymmetric theories will admit the same classical gravity solution.
These criteria successfully reproduce known results for the daughters of N = 4 and N = 1 super Yang-Mills. In some cases it becomes a highly non-trivial prediction for strongly coupled non-supersymmetric gauge theories: in particular we predict the success of planar equivalence between the 'orientifold' daughter of N = 1 SYM and N = 1 SYM itself on R 4 and a second order phase transition at a critical radius on R 3 × S 1 . We also argue that the 'orbifold' daughter of N = 1 SYM is not planar equivalent to N = 1 SYM.
It will be interesting to find other situations where spontaneous symmetry breaking is accompanied by the presence of tachyons. It was recently argued that chi-ral symmetry breaking in the probe limit is dual to open string tachyon condensation [33] . We suggest that chiral symmetry breaking in the Veneziano limit (N c → ∞, Nf /Nc = fixed.) might be described by closed string tachyon condensation. 
The above expression (7.4) is identical to the expression that was derived in ref. [16] . The minimum of the potential is when all the branes coincide at V 1 = V 2 = ... = V N = 
